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Problem 1. We have a deck of mn > 3 cards. A weird shuffie is a process of shuffling a
deck of cards following these steps:

1. Pull out the first m cards of the deck, making a pile. Repeat this until we get n piles.

2. Arrange the new deck by placing the top card of pile 1 to the bottom of the new deck,
following by the top card of pile 2, and that of pile 3. Continue doing this until placing
the top card of the pile n, and then go back to that of pile 1. Repeat these processes until
the cards in those n piles run out.

Show that the deck will return to the initial position in at most mn — 1 weird shuffles.

Solution. Call the positions of cards from top to bottom 0,1,2,...,mn — 1. The top- and
bottom-most cards will always switch places, so they will return to the initial position in 2
shuffles.

Now suppose that a card start at position k& £ 0 (mod mn — 1). Let k = am + b where
0<a<n—1and 0<b<m—1. We will claim that after a weird shuffle, the card ends up in
position —nk (mod mn — 1).

After the first step, this card will be the b + 1-th card from top in the a + 1-th pile.
Therefore after the second step, it will be the bn + a + 1-th card from bottom - which is
position k' = mn — (bn + a + 1), which satisfy &’ = mn — (bn +a+ 1) = —bn — anm = —nk
(mod mn — 1) as required.

Since ged(n,mn — 1) = 1, after t = ¢(mn — 1) rounds, the card in starting position k #
0,mn — 1 will end up in position (—n)tk = k # 0 (mod mn — 1), which must be the starting
position - so after ¢(mn — 1) rounds, the cards in position 1 to mn — 2 will return to their
respective position.

Therefore within lem(2, ¢(mn — 1)) shuffles, the deck will return to the initial position. If
mn — 1 = 2 then lem(2, ¢(mn — 1)) =2 < mn — 1. Else 2 | ¢(mn — 1) so lem(2, p(mn — 1)) =
¢p(mn —1) <mn — 1. O
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Problem 2. Determine all polynomials f with integer coefficients such that there exist an
infinite sequence a1, as,as, ... of positive integers with the property: for all n € N, the sum of
any f(n) consecutive terms of this sequence is divisible by n + 1. (This requires f(n) > 0 for
all n.)

Solution. The necessary and sufficient condition is f(—1) = 0, in other words, f(z) =
(x + 1)g(z) for some g(z) € Z[x]. The infinite sequence of 1 serves as an example of the
sequence we want.

Now we assume, for the contrary, that f(—1) # 0 and there is a sequence of positive integers
{an}>2 satisfying with the condition.

Lemma. If f(—1) # 0, then there is a positive integer a such that f(z) and f(az 4+ a — 1)
have no common factor.

Proof. Assume S is a set of all roots of f(z). Since f(x) # 0, S is finite. And because
—1 ¢ S, we can find a positive integer a such that S N {Zt=2 | 2 € S} = (. Therefore f(z)
and h(z) = f(ax 4+ a — 1) have no common root. So their ged is 1 as desired. O

Back to the problem, by Lemma, we have a positive integer a such that f(z) and f(az+a—1)
have no common factor, so there exists A(x), B(z) € Z[z] with positive leading coefficient and
positive integer ¢ such that either A(x)f(z) — B(z)f(ax +a—1) =cor B(z)f(ax +a—1) —
A(z)f(z) =c. Let T = aj; +ag+ -+ ae. > 0. Taking large enough value k € Z* such that
A(k) > 0,B(k) > 0, and k > T, we have A(k)f(k) — B(k)f(ak +a—1) =cor —c.

For the case A(k)f(k) — B(k)f(ak +a — 1) = ¢, since k + 1 divides the sum of any f(k)
consecutive terms of the sequence, it also divides the sum of any A(k)f(k) consecutive terms
of the sequence. Hence k + 1 | a1 + a2 + -+ + agp)sp)- Similarly, we have k + 1 | ak + a |
Ae+1 + Aey2 + 00+ Qeq B(k) f(akta—1)- Oince B(k)f(ak +a —1) +c = A(k)f(k), this means that
k+1|a;+az2+---a. =T which contradicts the fact that k > T. The other case can be proved
similarly.

Hence we can conclude that the assumption f(—1) # 0 is false. O
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Problem 3. Let AABC be a triangle with circumcenter O and orthocenter H. The line
through O parallel to BC' intersect AB at D and AC at E. X is the midpoint of AH. Prove
that the circumcircles of ABDX and ACEX intersect again at a point on line AO.

Solution. First we will start with a lemma.

Lemma. If AH, AO cut (CEX) again at T, W both outside AADE then TW 1 AC.

Proof. Let V be the midpoint of AC, VX intersect AO at U. By some side-chasing (not
shown here) we have & = S8 — VX "o U € (CEX).

Note that from /BAH = ZCAO we have (ANAUX,AB) ~ (AATW, AC) where here

AB, AC denote straight lines. Since UX || CH L AB, it follows that TW L AC.OJ

Let AH, AO cut (BDX) again at S, W'. Similarly we have SW’ L AB. Now from

) w2 )
AT:AC AE: AB sm.B :AS.S?H B’
AX AD - AX -sin®C sin? C
we have AT AT - sin C
AW = 1 _ - S1n
sin B sin B
and similarly .
AT ASy  AS- smB'

sin C' sin C'

Hence AW = AW’. Thus W = W', and so AO, (CEX) and (BDX) concur at W(=Z). O
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Problem 4. Given an acute triangle AABC with circumcircle w and circumcenter O. The
symmedian through A intersects w again at S # A. Point F is on AC such that BF 1 AS,
and point G is on ray BF such that BF x BG = BC?. Finally, let P be the point such that
UBGCP is a parallelogram.

Prove that OS bisects C'P.

Solution 1. Let Y,Z be the reflections of C' over O, S respectively and M the midpoint
of BC. We have /BZC = /MSC = ZACB. From /BPC = /BGC = LACB, Z,P,B,C
are concyclic, hence /PZC = 180° — /PBC = 180° — /BCG = 180° — /BF(C = /BFA. On
the other hand, we also have /Y ZC = Z0SC = 90° — LSAC = ZBF A, therefore Y, P, Z are
collinear, and by homothety OS must pass through the midpoint of C'P. U

Solution 2. Let PB cuts (ABC) at X. We will prove that S is the antipode of X. Since
/SBP = /CBP — /SBC = /BCG — Z/SAC = /BFC — /SAC = Z(BF,SA) = 90°. Now,
it is easily seen that AXPC is similar to AACB [from ZBXS = ZCAM where M is the
midpoint of BC' from the property of symmedian, we then get that XS bisects CP. O

L

Solution 3. Reflect S, P over the perpendicular bisector of BC to M, N, and let MO Nw =
{M, L}. Simple angle chasing to get ABAF ~ ABLC so there exist a spiral similarity A cen-
tered at B that sends ABAF to <A—B>LC. Since g—g = g—g = %, we have A\(C) = N. Since
LZAML = angle of spiral sim; A\(AM) = m, so LM is median of ABLN thus LM bisects
BN. Reflect back across perpendicular bisector of BC to get OS bisects C'P. U
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Problem 5. Suppose that we draw t straight lines through an n x n table such that for
each unit square U in the table, at least one line passes through the interior of U.

Prove that ¢ > (2 — v/2)n.
Solution. Let the center of the table be the origin so the top-right square has center ("7_1, ”T_l)
We will ignore squares close to the corner and will only consider squares with centers (x,y) such
that |z|+ |y| < n—k—1, where the nonnegative integer k will be chosen later. By doing this we
are ignoring at most 4(1+2+ --- + k) = 2k(k + 1) squares, so there are at least n? — 2k(k + 1)
squares left. Also, each line can cut through at most 2n — 1 — 2k (remaining) unit squares.
Therefore the number of lines is at least

n? —2k(k +1)
2n—1-2k |’

Choose k = [(1 — %)nj So k= (1- %)n — a for some « € [0,1), and there are at least

n2—2((1—%)n—a)((1—%)n—i—l—a)
2n—1-2(1 - 25)n+2a

lines, which is equal to

(2v2 —2)n% + (2a — 1)(2 = vV2)n + 2a(1 — @)
V2n + (2c — 1)

and this is clearly more than (2 — v/2)n, because a(1 — ) > 0. O
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Problem 6. Given a polynomial P € R[x] with odd degree. A real number z is called
orbiting if the sequence
z, P(x), P(P(x)), ...

is bounded. If all orbiting numbers are rational, prove that there are finitely many (or zero)
orbiting numbers.

Solution. First we will prove the case deg P = 1.
Let P(x) = ax +b. When a = —1 or a =1 and b = 0 then P(P(x)) = z, thus every real
number 7 is orbiting, while if a = 1 and b # 0 then every real number r is not orbiting, so

these two cases are trivial. If [a| # 1, define the function f(z) = » — t2-. It can be shown

that f(P(z)) = af(z), therefore if |a| > 1 only % is orbiting, and if |a| < 1 then all reals are
orbiting. In all cases, either finitely many numbers are orbiting or all real numbers are orbiting,
so we have proven the case deg P = 1.

Henceforth we will assume that deg P = n > 3. We will divide our proof for that case into

four parts, denoted by P1-P4.

P1: the polynomial P has rational coefficients

Since r being orbiting implies P(r) is too, P(r) must be rational for any orbiting r. We
choose n + 1 orbiting rationals r1,79,...,7,+1 and let P(r;) = s; € Q for each i. Since P is the
unique polynomial with deg < n satisfying P(r;) = s; for each i, by the Lagrange interpolation
formula, P(x) must be the polynomial

n+1 T — x
> sllo—2
—~ "Ll x —
=1 j#i
which clearly has rational coefficients. O

P2: there exists an interval [a, b] such that all orbiting r lies in it.

Let S be the set containing the (at most 2n) roots of |P(x)| = 2|z|. S must be nonempty,
as the polynomial P(z) — 2z have odd degree and thus has a root.

Let u = min S and v = max S. Choose [a,b] = [— max{|ul, |v|}, max{|ul, |v|}]. All numbers
not in [a, b] will satisfy |P(z)| > 2|z| or else |P(x)| < 2|z| for z — 0o or x — —oo which cannot
be true as |P'(z)| — oo. Therefore if r is not in [a,b], |P(r)| > 2|r| thus P(r) is also not in
[a,b]. This can be continued indefinitely to obtain |P¥(r)| > 2¥|r| for all positive integers k,
thus r cannot be orbiting. Hence all orbiting numbers lies in the interval. U

For P3, we will define some notations: for each rational » # 0, p, and ¢, are the unique
integers satisfying ¢, > 0, ged(pr,qr) = 1 and r = Z—:. For each prime ¢ define the valuation
ve(r) as v (pr) — v¢(qr). When r = 0, define pg = 0 and gg = 1 and 14(0) = +00. We note that
the valuation v has a property: if v4(r1) # v4(re) then vi(r1 + ro) = min{vy(r1), v (r2)}, and if
vi(r1) = v(re) then v (ry + 1r2) > v (ry).

P3: there exists an integer N such that if ¢, > N then gp(,) > ¢;.

Let P(x) = apaz™ + ap_12" ' + - + a1z + ag where each a; is rational. If v;(a;) # 0 for
some 1, then we call the prime ¢ poisoned.

Let T be the set of poisoned primes, which is clearly a finite set. For each t € T', let m; be
a positive integer big enough such that

—nmy + vi(ay) < min{—(n — 1)my + v (apn—1), —(n — 2)my + vi(an—2),- -+ ,v(ap), —2my}
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All positive integers greater than m; will also have the same property. This means that if
vi(r) = —m (that is, 14(g,) = m) with m > m; then

vi(an—1r""t + - +arr +ag) > min{—(n — Vmy + vi(an—1), —(n — 2)my + vi(an—2), - -, ve(ao)}

> —nm + v(an) = v(apr™),

implying that v(qy)) = —(P(r)) = —min{vi(anr™), v(an—17"" + - + a1r + ag)} > 2m.
Note also that for each prime p dividing g, and not in T, we have v4(qp)) = —vp(P(r)) =

np(qr) > 2vp(gr).
Now we show that the integer

N =™

teT

satisfy the required condition. For each integer k, let

CE ) )

teT, tlk, ve(k)<me

It is easily seen that f(k) < [[,ept™ < V/N, and that for each prime p dividing —f&),
vp(ap@r)) > 2vp(qr). Thus for each g > N,

2 2
ey > I 0@ s I 2@ > <fé)> - <;N> o0 O

qr ar
Pliay Pl

P4: There are finitely many orbiting numbers 7.

Since n = deg P is odd, P is onto to R. We will define the function g : R — R as follows: for
each y, g(y) is the least-valued root of P(z) = y. Since r is orbiting, ¢*(r) is also orbiting for all
positive integer k. If Agi(r) > N for some [ > ¢, — N, then ¢, = api(gi(r)) > N +1 > q,, which is
impossible, thus gg(,y < N for all [ > ¢, — N. There are finitely many rational numbers s, say
A numbers, that satisfy s € [a,b] and gs < N, and for all [ > ¢, — N, g'(r) is one of those (as it
is orbiting and have g, < N. By the pigeonhole principle, two of g™ (r), g™t (r), .., g™ A(r)

are equal, where m = ¢, — N. Let these two be g* (r) and ¢g*2(r), with k; > ke. The infinite
sequence g~ (r), P(g¥(r)), P(P(g* (1)), ... will have the ko — ki + 1! term equal to the first
term, and therefore must be periodic with period k; —ks. As 7 = P¥(g* (r)) is in this sequence,
Pki=F2(p) = r. If g, > N then qpr,—, (r) > ¢r which is a contradiction, thus ¢, < N. Therefore
r must also be one of the A rational numbers such that r € [a,b] and g, < N, so there are at
most A orbiting numbers. This ends our proof. O



